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In this article, we show a sufficient and necessary condition for locally distinguishable bipartite states via
one-way local operations and classical communication (LOCC). With this condition, we present some minimal
structures of one-way LOCC indistinguishable quantum state sets. As long as an indistinguishable subset exists
in a state set, the set is not distinguishable. We also list several distinguishable sets as instances.
PACS numbers: 03.67.Lx, 03.67.Dd, 03.65.Ud.
I. INTRODUCTION
Quantum entanglement is an important manifestation of
quantum nonlocality [1]. Quantum entangled states, espe-
cially maximally entangled states, play an important role
in quantum information theory [2–5]. Maximally entangled
states have attracted considerable attention in recent years,
since they can assist us in managing quantum information
and understanding the fundamental principles of quantumme-
chanics. A given set of quantum states is distinguishable, if
we can identify each state in this set unambiguously. Other-
wise, this set is so-called indistinguishable. Many scholars
have studied the distinguishable [6–11] and the indistinguish-
able [12–16] maximally entangled states. In [11], Bandyopad-
hyay et al. revealed an important conclusion: unilaterally
transformable quantum states are distinguishable by one-way
local operations and classical communication (LOCC). With
this conclusion, they proved that maximally entangled states
are exactly indistinguishable by one-way LOCC in Cd ⊗ Cd
(d = 4, 5, 6). Zhang et al. pointed out two indistinguishable
classes of maximally entangled states by one-way LOCC in
Cd ⊗Cd (d ≤ 10) [12]. The definitions of one-way LOCC and
two-way LOCC are given as follows.
The different subsystems of quantum states may be in dis-
tance, so the following two restrictions are reasonable: (1) (lo-
cal operations) each subsystem can only perform operations
on its own but global operations on the composite system are
not allowed, and (2) (classical communication) each party can
transmit other parties its measurement outcomes by classical
channels in order to coordinate and communicate [17]. The
protocols with these two rules are called “local operations and
classical communication” protocols, abbreviated as LOCC.
The LOCC protocols can be further refined based on the use
of classical communication. In one-way LOCC, the classical
communication is only transmitted from one part (Alice) to
the other (Bob), but no information is allowed to move in the
other direction (Bob to Alice). For two-way LOCC, Alice and
Bob can communicate enough rounds after each turn of his or
her local operations. In the following texts, the LOCC means
two-way LOCC conveniently.
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Quantum nonlocality of orthogonal product states was
widely studied, which included the local distinguishability
[18–20] and the local indistinguishability [21–26]. Duan et
al. exhibited the distinguishable orthogonal product states by
separable operations inC3 ⊗C3 andC2⊗C2 ⊗C2 dimensional
quantum systems, respectively [18]. However, this result is
not always true in LOCC protocols because LOCC operations
are weaker than separable operations. These orthogonal prod-
uct states are all indistinguishable by LOCC, which exhibits
quantum nonlocality without entanglement in [21–26]. Many
other interesting works are presented about quantum distin-
guishable problems in [27–38]. Singal proposed a frame-
work for distinguishing orthogonal bipartite states by one-way
LOCC [36]. Similarly, Nathanson showed that any set of three
orthogonal maximally entangled states can be distinguished
via one-way LOCC with high probability [37].
The distinguishability of complete orthogonal product
states can be proved by using the sufficient and necessary
conditions in [39, 40]. Walgate and Hardy also researched
this problem for distinguishing bipartite orthogonal quantum
states in C2 ⊗Cn by LOCC [41]. The sufficient and necessary
condition was used to prove the local distinguishability (or in-
distinguishability) of a class orthogonal product states. Zhang
et al. extended and proved the indistinguishability of orthog-
onal product states in Cd ⊗ Cd (d is odd) [23]. Not only the
distinguishability of pure states has already been researched
widely but also mixed states [21, 42–45]. Duan et al. proved
the distinguishability of mixed states in C2 ⊗ Cn [21]. Feng
et al. pointed out that if and only if the states from a mixed
state set are orthogonal, these states can be unambiguously
discriminated [43].
In this paper, we focus on studying local distinguishabil-
ity of bipartite quantum state sets. In our protocol, Alice
is the first person to perform a nontrivial measurement. We
first present the sufficient and necessary condition for locally
distinguishable bipartite quantum states in Sec. II. Secondly,
this condition for distinguishability of a certain state set can
be used to prove the local indistinguishability of orthogonal
product states in C(3lA+1) ⊗ C(3lB+1) (1 ≤ lA ≤ lB). We also
analyse and prove the distinguishability of three and four or-
thogonal quantum states via one-way LOCC in Sec. III. We
assess the number of product states in a CdA ⊗CdB distinguish-
able set via one-way LOCC when Alice goes first. Further-
more, we analyze and show the minimum structures of one-
2way LOCC indistinguishable orthogonal product states in Sec.
IV. Finally, the conclusions are shown in Sec. V.
II. A SUFFICIENT AND NECESSARY CONDITION FOR
BIPARTITE DISTINGUISHABLE STATES
When global operations are allowed, a state set is distin-
guishable if and only if these quantum states in the set are
orthogonal to each other.
Lemma 1 A given set of quantum states {ρ1, ρ2, · · · , ρN} are
distinguishable if and only if ∀h , k, tr(ρhρk) = 0.
By the way, when the set {ρ1, ρ2, · · · , ρN } is a pure state
set {|ψ1〉, |ψ2〉, · · · , |ψN〉}, the condition tr(ρhρk) = 0 can be
rewritten as 〈ψh|ψk〉 = 0.
After introducing the definitions of one-way LOCC and
LOCC in introduction, we will introduce an important lemma
(Lemma 2) [36], by which one can simplify the measure to
an orthogonality preserving rank-one positive-operator val-
ued measure (POVM) in the one-way LOCC protocols, which
checks the distinguishability of pure and mixed states.
Lemma 2 [36, 37] Alice can commence a one-way LOCC
protocol to distinguish among ρ1
AB
, · · · , ρN
AB
if and only if there
exists a protocol which starts with an orthogonality preserving
rank-one POVM on the side of Alice.
Now, one of our main results can be introduced: the suffi-
cient and necessary condition of the bipartite distinguishable
quantum state sets via one-way LOCC. Notice, a rank-one
POVM can be presented via some certain basis.
Theorem 1 Alice and Bob share a CdA ⊗ CdB composite sys-
tem. For any set S = {ρ1, ρ2, · · · , ρN} in this system, S is
one-way LOCC distinguishable when Alice goes first, if and
only if there exists a basis {|1〉, |2〉, · · · , |dA〉}A, such that for
any element ρx,
ρx =
dA∑
m,n=1
|m〉〈n| ⊗ ρxmn, (x = 1, 2, . . . ,N), (1)
where {ρxmm} is a set of orthogonal non-normalized states, may
be zero sometimes, (m = 1, . . . , dA ), and following condition
holds:
∀h , k, tr(ρhmmρkmm) = 0, (m = 1, . . . , dA). (2)
Proof: The sufficiency is obvious. For the necessity, by
Lemma 2, when Alice commences a one-way LOCC proto-
col, the basis {|1〉, |2〉, · · · , |dA〉}A is according to her orthog-
onality preserving rank-one POVM. The reason of “∀h ,
k, tr(ρhmmρ
k
mm) = 0” is the distinguishability of states in Bob’s
subsystems. Otherwise, ρh and ρk are indistinguishable. By
Lemma 2, if the state set is indistinguishable via all rank-one
POVM elements, the set is indistinguishable for all one-way
LOCC protocols. The proof is completed. 
When S is a pure state set, we can obtain the following
theorem.
Theorem 2 A CdA ⊗CdB pure quantum state system is shared
by Alice and Bob. For any set S in this system, S is one-
way LOCC distinguishable when Alice goes first, if and only
if there exists a basis {|1〉, |2〉, · · · , |dA〉}A, such that for any
element |ψk〉 in S ,
|ψk〉 =
dA∑
j=1
| j〉A|ηkj〉B, and ∀h , k, 〈ηhj |ηkj〉 = 0. (3)
When dA = 2, these two theorems will be the result shown
by Walgate and Hardy [41] and the result from Feng, Duan
and Ying [21].
III. BIPARTITE DISTINGUISHABLE PURE QUANTUM
STATES IN CdA ⊗CdB SYSTEM
Theorem 2 shows a sufficient and necessary condition for
distinguishable high-dimensional state sets with the concrete
forms. It is a useful tool for researchers to analyze whether
concrete state sets are one-way local distinguishable or not,
such as these following orthogonal product states in Eq.(4)
(also FIG. 1).
|ϕ±atbt 〉 = |at〉A(
1
2
|bt〉 ±
1√
2
|(bt + 1)〉 +
1
2
|(bt + 2)〉)B,
where t = 1, 2 and
a1 = 0, 1, 2, 3, · · · , lA − 1,
b1 = a1, a1 + 3, a1 + 6, · · · , 3lB − 2a1 − 3.
a2 = 3lA, 3lA − 2, 3lA − 4, · · · , 3lA − 2(lA − 1),
b2 = (3lA − a2)/2 + 1, (3lA − a2)/2 + 4, (3lA − a2)/2 + 7,
· · · , 3lB − (3lA − a2) − 2.
|ϕ±arbr〉 = (
1
2
|ar〉 ±
1√
2
|(ar + 1)〉 +
1
2
|(ar + 2)〉)A|br〉B,
where r = 1, 2 and
b1 = 0, 1, 2, 3, · · · , lA − 1,
a1 = b1 + 1, b1 + 4, b1 + 7, · · · , 3lA − 2b1 − 2.
b2 = 3lB, 3lB − 2, 3lB − 4, · · · , 3lB − 2(lA − 1),
a2 = (3lB − b2)/2, (3lB − b2)/2 + 3, (3lB − b2)/2 + 6,
· · · , 3lA − (3lB − b2) − 3.
|ϕq1c1〉 = |(3lA − 1)〉A|c1〉B,where c1 = 1, 2, 3, · · · , 3lB − 1.
|ϕq2c2〉 = |q2〉A|(3lB − 1)〉B,where q2 = 1, 2, 3, · · · , 3lA − 2.
(4)
According to Theorem 2, we have the following conclu-
sions.
Corollary 1 In C3lA+1 ⊗ C3lB+1 (1 ≤ lA ≤ lB) quantum sys-
tem, there exists an indistinguishable set via one-way LOCC
no matter who goes first, which contains 4lAlB + 7lA + 3lB − 3
orthogonal product states |ϕs〉 (in Eq.(4)).
By Theorem 2, Corollary 1 can be proved (details in
Appendix). Note that in Corollary 1, the indistinguishability
of the set in Eq. (4) can be directly proved via our Theorem
2, since we can consider the subspaces C3 ⊗ C(3lB+1) in this
set. Then extend it to the general case: the dimension of
Alice’s subsystems is greater than three, our Theorem 2 is
also applicable.
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FIG. 1. The tiling structure ofC(3lA+1)⊗C(3lB+1) dimension orthogonal
product states (1 ≤ lA ≤ lB).
Next, let us check how many orthogonal product states in a
state set are always distinguishable via one-way LOCC. Wal-
gate et al. pointed out that any three orthogonal product states
are always distinguishable via LOCC in C2 ⊗C2 system [41].
Now, we show the general case.
Corollary 2 Any three orthogonal product states are always
distinguishable via one-way LOCC when Alice commences.
Proof: Suppose three orthogonal product states are
|ψ0〉 = |a0b0〉AB, |ψ1〉 = |a1b1〉AB, |ψ2〉 = |a2b2〉AB.
If 〈a0|a1〉 = 〈a0|a2〉 = 〈a1|a2〉 = 0, it is obvious that Formula
(3) holds.
If two of |a0〉, |a1〉 and |a2〉 are not orthogonal, Formula (3)
also holds. We give the proof as follows:
Without loss of generality, suppose 〈a1|a2〉 , 0 and |ψ0〉 =
|a0b0〉AB = |00〉AB, we have 〈b1|b2〉 = 0. There are 4 different
cases: 1) 〈0|a1〉 = 〈0|a2〉 = 0, 2) 〈0|a1〉 = 0 but 〈0|a2〉 , 0,
3) 〈0|a2〉 = 0 but 〈0|a1〉 , 0, 4) 〈0|a1〉 , 0 and 〈0|a2〉 , 0.
For case 1), a basis {|0〉, |a1〉, |a′2〉} can be constructed
by Gram-Schimdt orthogonalization, where the state |a′
2
〉 =
(|a2〉−α|a1〉) can be constructed from {|0〉, |a1〉}A, thus we have
|ψ0〉 = |00〉AB, |ψ1〉 = |a1b1〉AB,
|ψ2〉 = α|a1b2〉AB + (|a2〉 − α|a1〉)A|b2〉B.
It means that Formula (3) holds. Similarly, the two elements
{|0〉, |a2〉}A can also construct a basis {|0〉, |a′1〉, |a2〉} by Gram-
Schimdt orthogonalization. So we have
|ψ0〉 = |00〉AB, |ψ2〉 = |a2b2〉AB,
|ψ1〉 = α|a2b1〉AB + (|a1〉 − β|a2〉)A|b1〉B,
where |a′
1
〉 = (|a1〉 − β|a2〉). This is a form as Formula (3).
For case 2), we get the same basis {|0〉, |a1〉, |a′2〉}A as the
case 1).
For case 3), we get the same basis {|0〉, |a′
1
〉, |a2〉}A as the
case 1).
For case 4), it means 〈b0|b1〉 = 〈b0|b2〉 = 〈b1|b2〉 = 0. Alice
can choose any basis.
Thus, Formula (3) always holds for all set mentioning three
orthogonal product states. Therefore, any three orthogonal
product states are always distinguishable. 
Generally, for one-way LOCC, if Alice and Bob can de-
cide who does the first quantum operation, we can prove the
following corollary.
Corollary 3 Any four orthogonal product states are one-
way LOCC distinguishable whoever goes first.
0 1
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FIG. 2. The structure of at least three orthogonal states in Alice’s or
Bob’s subsystems.
Proof: Suppose |ψk〉 = |ak〉A|bk〉B, k = 0, 1, 2, 3. In FIGs. 2
and 3, we present the relationship of ak and bk. The two points
k and j are linked by solid lines if |ak〉 and |a j〉 are orthogonal
in Alice’s subsystems, as well as the dotted lines for Bob’s
subsystems.
If {|ak〉} (See FIG. 2(d1)) or three of {|a0〉, |a1〉, |a2〉, |a3〉}
(See FIG. 2(d2, d3, d4)) are orthogonal to each other, Formula
(3) holds. That is, Alice can always commence a one-way
LOCC protocol to distinguish these four orthogonal product
states.
Similarly for Bob, if three of {|b0〉, |b1〉, |b2〉, |b3〉} are or-
thogonal to each other, Formula (3) holds.
In the following, we check the other cases, which is equiva-
lent to FIG. 3. That is, only two equivalent classes don’t have
solid triangles or dotted triangles in 4 points perfect picture as
follows:
0 1 0 1
23 23
(g) (h)
Alice
Bob
FIG. 3. The structure of only two orthogonal states in Alice’s or
Bob’s subsystems.
In FIG. 3(g), we have 〈a0|a1〉 = 〈a0|a2〉 = 〈a1|a3〉 =
〈a2|a3〉 = 0 in Alice’s side and 〈b0|b3〉 = 〈b1|b2〉 = 0 in Bob’s
side. Alice constructs the basis with {|a0〉, |a1〉} via Gram-
4Schimdt orthogonalization to obtain
|ψ0〉 = |a0〉A|b0〉B, |ψ1〉 = |a1〉A |b1〉B,
|ψ2〉 = α|a1〉A|b2〉B + (|a2〉 − α|a1〉)A|b2〉B,
|ψ3〉 = β|a0〉A|b3〉B + (|a3〉 − β|a0〉A|b3〉B,
where 〈a0|(|a2〉 − α|a0〉) = 0, 〈a1|(|a3〉 − β|a1〉) = 0. Af-
ter orthogonal normalization, these bases are |a¯0〉 = |a0〉|||a0〉|| ,
|a¯1〉 = |a1〉|||a1〉|| , |a¯2〉 =
|a2〉−α|a1〉
|||a2〉−α|a1〉|| and |a¯3〉 =
|a3〉−β|a0〉
|||a3〉−β|a0〉|| . Formula
(3) holds.
In FIG. 3(h), we have 〈a0|a2〉 = 〈a0|a3〉 = 〈a1|a2〉 = 0 in
Alice’s side and 〈b0|b1〉 = 〈b1|b3〉 = 〈b2|b3〉 = 0 in Bob’s side.
Alice constructs the basis with Gram-Schimdt orthogonaliza-
tion from {|a0〉, |a2〉} to get
|ψ0〉 = |a0〉A|b0〉B, |ψ2〉 = |a2〉A |b2〉B,
|ψ1〉 = α|a0〉A|b1〉B + (|a1〉 − α|a0〉)A|b1〉B,
|ψ3〉 = (β|a¯1〉 + γ|a2〉)A|b3〉B + (|a3〉 − β|a¯1〉 − γ|a2〉)A|b3〉B,
where 〈a0|(|a1〉 − α|a0〉) = 0, (β∗〈a¯1| + γ∗〈a2|)(|a3〉 − β|a¯1〉 −
γ|a2〉) = 0. After orthogonal normalization, these bases are
|a¯0〉 = |a0〉|||a0〉|| , |a¯1〉 =
|a1〉−α|a0〉
|||a1〉−α|a0〉|| , |a¯2〉 =
|a2〉
|||a2〉|| and |a¯3〉 =
|a3〉−β|a¯1〉−γ|a2〉
|||a3〉−β|a¯1〉−γ|a2〉|| . Formula (3) holds.
Thus, any four orthogonal states are always distinguishable
via one-way LOCC no matter who goes first. 
According to Theorem 2, we can estimate the number of
product states of a one-way LOCC distinguishable set inCdA⊗
CdB system when Alice goes first. These results are Corollary
4 and Corollary 5.
Corollary 4 In a CdA ⊗ CdB composite system, [ dAdB
2
] + k
orthogonal states expressed as the Eq. (3) can be exactly one-
way locally distinguished, only if at least 2k (when dAdB is
even) or 2k − 1 (when dAdB is odd) of those states are product
states. Here, “[ · ]” is the integer-valued function.
Proof: According to Theorem 2, any [ dAdB
2
] + k orthogonal
states expressed as |ψk〉 =
dA∑
j=1
| j〉A|ηkj〉B, where h , k, 〈ηhj |ηkj〉 =
0. If the set is one-way locally distinguishable, Alice firstly
measures her particles A with the basis {|1〉, |2〉, · · · , |dA〉}A
such that Bob’s quantum states collapse. Without loss of
generality, suppose some |ηk
j
〉 = 0. After considering those
nonzero |ηk
j
〉, the number of the nonzero pair | j〉A |ηkj〉B is at
most dAdB.
Suppose the number of product states in the set is x, then
the number of non-product states is [ dAdB
2
] + k − x. There are
at least two | j〉A |ηkj〉B in one non-product state and at least one
| j〉A|ηkj〉B in one product state. Combined with Drawer Prin-
ciple, therefore, 1 · x + 2 · ([ dAdB
2
] + k − x) ≤ dAdB holds, i.e.
x ≥ 2k+2 ·[ dAdB
2
]−dAdB. Therefore, we obtain this corollary.
Immediately obtain the following corollary via the above
one.
Corollary 5 In a CdA ⊗CdB composite system, dAdB orthog-
onal states can be exactly one-way locally distinguished if and
only if all of them are product states.
IV. THE MINIMUM STRUCTURES OF ONE-WAY LOCC
INDISTINGUISHABLE PURE STATES
In this section, we mainly study the minimum structures
of one-way local indistinguishability of quantum pure states.
We present an observation which makes it unnecessary for us
to check the local indistinguishability of a whole set but only
need to check a locally indistinguishable subset.
Observation 1 In a CdA ⊗ CdB quantum system, any subset
of a locally distinguishable set is locally distinguishable. It is
true that there always exists at least one locally indistinguish-
able subset in a locally indistinguishable set.
Firstly, let us consider the general case: the entangled state
sets. Any two orthogonal pure states are always distinguish-
able via LOCC [27]. Now, let us show the proof of the local
indistinguishability of any three Bell states by using Theorem
2. Note that, Ghosh et al. [46] gave the similar conclusion:
any three Bell states cannot be perfectly LOCC distinguished.
Corollary 6 Any three Bell states cannot be perfectly LOCC
distinguished no matter who goes first.
Proof: Suppose three Bell states are
|Φ0〉 = 1/
√
2(|00〉 + |11〉)AB,
|Φ1〉 = 1/
√
2(|00〉 − |11〉)AB,
|Φ2〉 = 1/
√
2(|01〉 + |10〉)AB.
(5)
Let |ϕ〉 = cosθ|0〉 + eiδsinθ|1〉, |ϕ⊥〉 = −e−iδsinθ|0〉 + cosθ|1〉,
where θ, δ ∈ [0, 2pi]. We have |0〉 = cosθ|ϕ〉 − eiδsinθ|ϕ⊥〉,
|1〉 = e−iδ(sinθ|ϕ〉 + cosθ|ϕ⊥〉. Therefore, we rewrite the three
Bell states as follows:
|Φ0〉 = 1/
√
2{|ϕ〉[(cos2θ + e−2iδsin2θ)|ϕ〉 + (e−iδ − eiδ)sinθcosθ|ϕ⊥〉]
+|ϕ⊥〉[(e−iδ − eiδ)sinθcosθ|ϕ〉 + (cos2θ + e2iδsin2θ)|ϕ⊥〉]},
|Φ1〉 = 1/
√
2{|ϕ〉[(cos2θ − e−2iδsin2θ)|ϕ〉 − (e−iδ + eiδ)sinθcosθ|ϕ⊥〉]
−|ϕ⊥[(e−iδ + eiδ)sinθcosθ〉|ϕ〉 + (e2iδsin2θ − cos2θ)|ϕ⊥〉]},
|Φ2〉 = 1/
√
2[|ϕ〉(e−iδsin2θ|ϕ〉 + cos2θ|ϕ⊥〉) + |ϕ⊥〉(cos2θ|ϕ〉
−eiδsin2θ|ϕ⊥〉)].
From the equation, we can get
|η0ϕ〉 = (cos2θ + e−2iδsin2θ)|ϕ〉 + (e−iδ − eiδ)sinθcosθ|ϕ⊥〉,
|η1ϕ〉 = (cos2θ − e−2iδsin2θ)|ϕ〉 − (e−iδ + eiδ)sinθcosθ|ϕ⊥〉,
|η2ϕ〉 = e−iδsin2θ|ϕ〉 + cos2θ|ϕ⊥〉
and
|η0ϕ⊥〉 = (e−iδ − eiδ)sinθcosθ|ϕ〉 + (cos2θ + e2iδsin2θ)|ϕ⊥〉,
|η1ϕ⊥〉 = −(e−iδ + eiδ)sinθcosθ|ϕ〉 − (e2iδsin2θ − cos2θ)|ϕ⊥〉,
|η2ϕ⊥〉 = cos2θ|ϕ〉 − eiδsin2θ|ϕ⊥〉.
Three states |Φ0〉, |Φ1〉, |Φ2〉 are all entangled states, so
none of |ηkϕ〉 and |ηkϕ⊥〉 (k = 0, 1, 2) is zero for ∀θ, δ ∈ [0, 2pi]
in Bob’s subsystems. If this set is to be locally distinguish-
able with Alice going first, there must be some choice of
{|ϕ〉, |ϕ⊥〉} such that 〈η0ϕ|η1ϕ〉 = 〈η1ϕ|η2ϕ〉 = 〈η0ϕ|η2ϕ〉 = 0 and
〈η0
ϕ⊥ |η1ϕ⊥〉 = 〈η1ϕ⊥ |η2ϕ⊥〉 = 〈η0ϕ⊥ |η2ϕ⊥〉 = 0. However, there is
no room in Bob’s two-dimensional Hilbert space for three
mutually orthogonal states. It is impossible to satisfy the
5Formula (3), thus the set is LOCC indistinguishable. 
Secondly, let us consider the minimum structures of one-
way LOCC indistinguishable orthogonal product states. To
prove the Theorem 4 more smoothly, we first introduce The-
orem 3, Corollaries 7 and 8, which are obtained from Lemma
1.
Corollary 7 Two states |ψ〉 and |φ〉 are orthogonal in Cd
system. The measurement {Mk} can be used to distinguish |ψ〉
and |φ〉, if and only if ∀k, 〈ψ|M†
k
Mk |φ〉 = 0.
Theorem 3 Two states |ψ〉 and |φ〉 are orthogonal in Cd sys-
tem. The rank one POVM {|k¯〉〈k¯| : k = 0, · · · , d − 1} can be
used to distinguish |ψ〉 and |φ〉, if and only if ∀k, 〈ψ|k¯〉〈k¯|φ〉 =
0.
This theorem implies the following one directly.
Corollary 8 Two states |ψ〉 and |φ〉 are orthogonal in C3
system. The rank one POVM {|k¯〉〈k¯| : k = 0, 1, 2} can be used
to distinguish |ψ〉 and |φ〉, if and only if either |ψ〉 or |φ〉 is in
{|k¯〉 : k = 0, 1, 2}.
Proof: Suppose |ψ〉 = |0〉 and |φ〉 = |1〉. Notice that in C3
system, the rank one POVM {|k¯〉〈k¯| : k = 0, 1, 2} can only
be one of these forms by Theorem 3: {|0〉〈0|, |1〉〈1|, |2〉〈2|},
{|0〉〈0|, (α|1〉+β|2〉)(α∗〈1|+β∗〈2|), (β|1〉−α|2〉)(β∗〈1| −α∗〈2|) :
αβ , 0}, or {|1〉〈1|, (α|0〉 + β|2〉)(α∗〈0| + β∗〈2|), (β|0〉 −
α|2〉)(β∗〈0| − α∗〈2|) : αβ , 0}. 
0 1
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0 1
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FIG. 4. The tiling structures of orthogonal product states in C2 ⊗ C2
and C3 ⊗C2 dimension respectively.
Theorem 4 It is four that is the least number of indistinguish-
able orthogonal product states via one-way LOCC when Alice
goes first.
Proof: In FIG. 4(a), these states are as follows:
|ψ1,2〉 =
1√
2
(|0〉 ± |1〉)A|0〉B, |ψ3,4〉 =
1√
2
(|1〉 ± |2〉)A|1〉B.
For this set of orthogonal product states, Bob cannot dis-
tinguish |ψ1〉 and |ψ2〉 (or |ψ3〉 and |ψ4〉) in his subsystems. By
Theorem 2 and Corollary 8, if these four states are distinguish-
able, one of { 1√
2
(|0〉+ |1〉)A, 1√
2
(|0〉 − |1〉)A} must be chosen by
Alice to distinguish |ψ1〉 and |ψ2〉 , also for 1√
2
(|1〉 + |2〉)A and
1√
2
(|1〉 − |2〉)A. However, 1√
2
(|0〉+ |1〉)A and 1√
2
(|1〉 ± |2〉)A are
not orthogonal. 1√
2
(|0〉−|1〉A and 1√
2
(|1〉±|2〉)A are not orthog-
onal either. This means these four states are indistinguishable
via one-way LOCC when Alice goes first.
Similarly in FIG. 4(b), the set {|φ0〉 = |0〉A|0〉B, |φ1〉 =
|1〉A|0〉B, |φ2,3〉 = 1√
2
(|0〉 ± |1〉)A|1〉B} is also indistinguishable
via one-way LOCC when Alice goes first. In fact, Groisman
and Vaidman have shown the one-way LOCC indistinguisha-
bility for the above set by a different method [47]. 
With above conclusions, we can also judge immediately
the one-way local indistinguishability of orthogonal prod-
uct states in Eq. (4). We choose these states |ψ1,2〉 =
|0〉A(| 12 |0〉± 1√2 |1〉+
1
2
|2〉)B, |ψ3,4〉 = (| 12 |0〉± 1√2 |1〉+
1
2
|2〉)A|3lB〉B,
|ψ5〉 = |1〉A|(3lB−1)〉B, |ψ6〉 = |2〉A|(3lB−1)〉B. The tiling struc-
ture is similar to FIG. 4(a), thus the subset is one-way LOCC
indistinguishable when Alice goes first. When Bob goes first,
we can also find the similar structure. Therefore, the set in
Eq. (4) is one-way LOCC indistinguishable no matter who
goes first.
We continue to check whether there exists five indistin-
guishable orthogonal product states by one-way LOCC. No-
tice that, DiVincenzo et al. has found the very similar exam-
ple in [48]. The indistinguishability of this special set can be
proved by different ways.
Corollary 9 There exist five orthogonal product indistin-
guishable states via one-way LOCC no matter who goes first.
Proof: In FIG. 5, suppose |Ψk〉 = |ak〉A |bk〉B, specifically,
|Ψ0〉 = |0〉A|0〉B, |Ψ1〉 = 1√
3
|2〉A(|0〉−|1〉+|2〉)B, |Ψ2〉 = 1√
2
(|0〉+
|1〉)A|2〉B, |Ψ3〉 = 1√
6
(|0〉− |1〉+ |2〉)A(|1〉+ |2〉)B, |Ψ4〉 = 12 (|1〉+
|2〉)A(|0〉 + |1〉)B.
0
1
23
4
Alice
Bob
0 21
0
1
2
FIG. 5. (Color online) The structure of five indistinguishable orthog-
onal product states by one-way LOCC.
If |ak〉 and |a j〉 in Alice’s subsystems are orthogonal then
the solid lines link two points k and j, and the dotted lines
for Bob’s subsystems. If the five states are one-way distin-
guishable by Theorem 2 when Alice goes first (similar proof
when Bob starts), we check which basis should be chosen
in Alice’s side. For the convenience of the readers, suppose
|Ψ5〉 = |a5〉A|b5〉B = |a0〉A |b0〉B = |Ψ0〉.
We will use a lemma: “ ∀k, either |ak〉A or |ak+1〉A of
the orthogonal pair {|ak〉A, |ak+1〉A} is in the chosen basis for
k = 0, 1, 2, 3, 4”. This lemma can be founded because of
〈bk|bk+1〉 , 0 and Corollary 7.
However, the contradiction will be produced. For instance,
if we choose |a0〉, it means that we cannot choose |a1〉, so we
must choose |a2〉. But |a0〉 and |a2〉 are not orthogonal, this is
a contradiction. Otherwise, if we choose |a1〉, it means that
we cannot choose |a2〉, so we must choose |a3〉. However,
〈a3|a1〉 , 0, this also produces contradiction. Therefore,
the five orthogonal product states are indistinguishable via
6one-way LOCC. 
InC3 ⊗C2 (See FIG. 4(c)), we further find that six orthogo-
nal product states are one-way LOCC indistinguishable who-
ever goes first. Their forms are as follows:
|Ψ1〉 = |0〉A|0〉B, |Ψ2〉 = |1〉A|0〉B,
|Ψ3,4〉 =
1√
2
(|0〉 ± |1〉)A|1〉B,
|Ψ5,6〉 = |2〉A
1√
2
(|0〉 ± |1〉)B.
(6)
V. CONCLUSION
We have provided sufficient and necessary conditions re-
spectively for distinguishing bipartite pure quantum states and
mixed quantum states by one-way LOCC. We give some ap-
plications to show that the distinguishability of a state set can
be proved efficiently via these conditions. The indistinguisha-
bility of a state set can be checked via searching out one in-
distinguishable subset in it. Sometimes only four orthogonal
product states or three orthogonal maximally entangled states
are needed to find via our results. Moreover, we also provide
a bound of the number of orthogonal product states in a dis-
tinguishable state set.
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APPENDIX
Appendix is the proof of Corollary 1.
Corollary 1. In C3lA+1 ⊗ C3lB+1 (1 ≤ lA ≤ lB) quantum sys-
tem, there exists an indistinguishable set via one-way LOCC
no matter who goes first, which contains 4lAlB + 7lA + 3lB − 3
orthogonal product states |ϕs〉 (in Eq. (4)).
Proof: We only consider that Alice goes first and the same
as Bob. A set of general C(3lA+1) ⊗ C(3lB+1) POVM elements
M
†
mMm under the basis {|0〉, |1〉, · · · , |3lA〉}A can be expressed
as
M†mMm = (a
m
i j),where a
m
i j ≥ 0 with i, j ∈ {0, 1, 2, · · · , 3lA}.
Firstly, we point that this selected sets {|0〉, |1〉, |2〉}A,
{|1〉, |2〉, |3〉}A, · · · , and {|3lA − 2〉, |3lA − 1〉, |3lA〉}A of states
are of dimension C3 ⊗ C(3lB+1), Alice cannot find appropriate
basis to express them in the form of Eq.(3) after Alice per-
forms measurement. Notice, the product states |q2〉|3lB − 1〉
(q2 = 1, 2, 3, · · · , 3lA − 1) can only be distinguished where the
measurements are {|1〉〈1|, |2〉〈2|, · · · , |3lA−1〉〈3lA−1|}A. There
no exists the superposition state of |0〉 and |3lA〉 (See Fig. 1),
so the remaining two elements in the above measurements are
|0〉〈0| and |3lA〉〈3lA|. The effect of this positive operator upon
states
|ϕ±id jd 〉 = |id〉A(
1
2
| jd〉 ±
1√
2
| jd + 1〉 +
1
2
| jd + 2〉)B,where
d = 1 and i1 = 0, 1, 2, j1 = i1, i1 + 3, · · · , 3lB − 2i1 − 3,
|ϕ±ie je〉 = (
1
2
|ie〉 ±
1√
2
|ie + 1〉 +
1
2
|ie + 2〉)A| je〉B,where
e = 2 and j2 = 3lB, i2 = (3lB − j2)/2,
|ϕi f j f 〉 = |i f 〉A| j f 〉B,where
f = 2 and i2 = 1, 2, j2 = 3lB − 1.
is entirely specified by those elements in the submatrix (am
i j
)
drawn from the subspace {|0〉, |1〉, |2〉}A, where i, j ∈ {0, 1, 2}.
It means that Alice cannot perform a nontrivial measurement
upon the subspace {|0〉, |1〉, |2〉}A. Thus, the corresponding
submatrix must be proportional to the identity. Then, we ob-
tain a00 = a11 = a22 = a, a01 = a02 = a10 = a20 = a12 = a21 =
80. For the states
|ϕ±id jd 〉 = |id〉A(
1
2
| jd〉 ±
1√
2
| jd + 1〉 +
1
2
| jd + 2〉)B,where
d = 1 and i1 = 1, 2, 3, j1 = i1, i1 + 3, · · · , 3lB − 2i1 − 3,
|ϕ±ie je〉 = (
1
2
|ie〉 ±
1√
2
|ie + 1〉 +
1
2
|ie + 2〉)A| je〉B,where
j1 = 0, i1 = j1 + 1,
|ϕi f j f 〉 = |i f 〉A| j f 〉B,where
f = 2 and i2 = 1, 2, 3, j2 = 3lB − 1.
and the subspace {|1〉, |2〉, |3〉}A, we make the same argument.
Then we obtain results a11 = a22 = a33 = a, a12 = a13 =
a21 = a31 = a23 = a32 = 0. In the same way, for the
subspace {|2〉, |3〉, |4〉}A, {|3〉, |4〉, |5〉}A, · · · and the subspace
{|3lA − 2〉, |3lA − 1〉, |3lA〉}A, we obtain result
a44 = a55 = · · · = a3lA,3lA = a,
a45 = a46 = a56 = · · · = a3lA−1,3lA = a3lA,3lA−1 = 0.
Because the POVM elements M
†
mMm is Hermi-
tian, (M
†
mMm)
†
= M
†
mMm holds. Then we obtain
a∗ = a, a30 = a∗03, a40 = a
∗
04
, · · · , a3lA,3lA−3 = a∗3lA−3,3lA .
We now consider the states
|ϕ±id jd 〉 = |id〉A(
1
2
| jd〉 ±
1√
2
| jd + 1〉 +
1
2
| jd + 2〉)B,where
d = 1 and i1 = 0, j1 = 3lB − 2i1 − 3,
|ϕi f j f 〉 = |3〉A|3lB − 1〉B
and the subspace {|0〉, |3〉}A. After Alice measures, the re-
sult is either the states orthogonal or distinguishing them out-
right. If the result is the states orthogonal, we demand that
〈ϕd=1|M+mMm|ϕ f=3lB+2〉 = 12a03 = 0. So, we obtain a∗03 =
a03 = 0. For the subspace {|0〉, |4〉}A,· · · and the subspace
{|3lA − 3〉, |3lA〉}A, we can obtain results
a04 = a
∗
04 = a05 = a
∗
05 = · · · = a3lA,3lA−3 = a∗3lA−3,3lA = 0.
Now the M
†
mMm is proportional to the identity.
However, if Alice distinguishes the state
|ϕ±id jd 〉 = |id〉A(
1
2
| jd〉 ±
1√
2
| jd + 1〉 +
1
2
| jd + 2〉)B,where
d = 1 and i1 = 0, j1 = 3lB − 2i1 − 3,
|ϕi f j f 〉 = |3〉A|3lB − 1〉B,
we get the result 〈ϕi|M†mMm |ϕi〉 = 0. We can also obtain
the result 〈ϕi|M†mMm|ϕi〉 = a2 , therefore a = 0. It contra-
dicts the Theorem 2 in this paper. So, M
†
mMm is propor-
tional to the identity and the orthogonal product states are
indistinguishable.
